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Solutions to S 5 Physics 201

1. Force acting small part dl of the wire carrying current is given by

F=1dlx B. (1)

By integrating this over the entire loop, the total force is obtained:
Ftot:%[dlx B:I(%dl)xB:O. (2)

Suppose two wires which draw two different paths C and C5 from A to B are carrying
the same amount of current /. Then, from the above result, it follows that for forces

F, and F, acting on the two wire

Fl—ng/Idlx B—/Idle (3)

:16;1/0 dl—/c dT)xB (@)

_ 1 ]{ dlx B (5)
=0. (6)
Therefore, F; = F5, which also holds when (' is arbitrary and C5 is a straight line.
2. From the balance between centrifugal force and Lorentz force,
2

m% = quB. (7)

Therefore, we get for the kinetic energy of the particle,

_ q2B2R2
o 2m

In case of protons circulating with K = 4MeV in a magnetic field of 4T,

2mK /2 x 1.67 x 102! kg x 4 MeV
\| 252 16x109Cx4T o (9)

For protons, mc? = 938 MeV, and therefore when K = 4 MeV, we have

1 942

V1= (vjoR 938

ot (10)
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and

933
g = /1= (222 = 0.002. (11)

& 942

Therefore, when we expand E as a series of 3, that is,

m62

B= P = (4 g S0 ), (12)

Vi

the third and successive terms are at least 3% = 0.00085 times smaller than the second

term. Therefore, we have K &~ mc?1(? = imo?.

3. Note that the forces acting on the two parts parallel to x-axis cancel each other.
Therefore, the net force comes from the other two parts directing +y direction. The
difference between the magnetic field at the left side and the right side is 0.2 T/m x
0.2 m = 0.04 T. Then, the total force is

|Fltot = I Bright | — I Biege | (13)
=1 (Biight — DBiert) [ (14)
=3Ax004Tx02m (15)
=24x1072 N, (16)

in the positive x direction.

4. In the limit of (6/R) — 0, when seen from the tiny element of one loop, the other loop
current looks as if it is straight (Fig 1).

Therefore, we can apply the formula for straight infinite current as an approximation.

That is, the magnetic field created by the upper current at the lower loop is given by

ol
B =3 5e (17)

where the coordinate is taken as shown in Fig. 1. Therefore the force acting on this

small element is

MOI /Lolzdl
dF = Idle, x B = Idle, x %ey =55

e,. (18)
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FIG. 1: Two closely spaced loop currents.

Integrating over the lower loop, we get

2
F = #ez. (19)

As is clear from the result above, the force between the two loops is attractive.

5. By the superposition principle, we can consider the system as an imaginary superpo-
sition of two parts. That is, one is the current in the direction of the actual current,
distributed over the entire cylinder of radius a (denoted by A) and the other is the
current in the opposite direction flowing over the removed region (denoted by cylinder
B) (Fig. 2). For this superposition to reproduce the given current distribution, we
need to assign both currents the same magnitude of current density (current per area)

j =I/(3ma?), which is the same as the actual current density.

Using Ampere’s law, we get for B at the centers of the two cylinders as field created
by each other’s current. That is

I 7a?

I, Moz 574 20l
BA = /lLoe—Ciosed r = 4 == Ho €z, (2())
27'('5 ma 3ma
and
L I 7a?
I 03,22 4 20l
BB = M x — 4 = MO Cq. (21>

27r% Ta 3ra
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FIG. 2: Decomposition of the system into two imaginary parts.

6. In the same way as problem 5, we can consider the system as an imaginary superpo-
sition of currents over three cylinders whose centers are shown by dots in Fig. 3. The
large cylinder marked by 1 carries a current coming out of the paper, and for the other

two cylinders, the currents are in the opposite direction.

FIG. 3: The current configuration.
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Using Ampere’s law, and summing fields by these three parts, we get the magnetic

field at the point A shown in Fig. 3, which is in positive-y direction:

B = Byt = [|B1]| — |B2|cos @ — |Bs|cosfle, = [|B1]| — 2|Bz|cos b e, (22)

Ienc ose Ienc ose
:[Mo 21 d,1_2 M02 losed,2 20059] (23>
o 2my\/12 + (a/2)
2
[Noﬁﬂff Ho 17ra2 7Ta r ] (24>
B 27r 27r\/r2 + (a/2)2 /12 + (a/2)?
pol polr
= | ] (25)

27 {r? + a?/4} ©y

7. Using Biot-Savart’s law, we can calculate magnetic field created by one side of the

square.
Bone side = /2 /'1’0 dl’([, 07 0) X (—x, CL/2, O) (26)
o dm [(a/2)? + 22]3/2
_ /; pol dz(0,0,a/2) (27)
_y An [(a2) + 2
pola [2 dx
—e. 28
e 81 /_(21 [(a/2)2 + x2]3/2 ( )
Mol ! ds
—e, 29
®ora /1 [1+ s%]3/2 (29)
prol S 1
—e,— t 30
e:5 | *1+82] | (30)
ol
=e,—2 31
© 27m\/_ (31)
pol
Joma (32)
(33)
Noting that 4 sides of the square give the same contribution, we finally get
B = 4]3one side — e22\/§'u0] (34)

Ta
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First, we can think of the system of a superposition of B, By, and B3 in Fig. 4.

a) b) c)

A

2 O

FIG. 4: Current elements for calculation.

To evaluate B; and By, we note that the magnetic field at the center O created by
the small element shown in Fig. 4(d) is given by

g0l dl x (0 —1)

dB =
4 I

ol
=Xl e., (35)

which is always pointing the positive-z direction and whose magnitude is proportional

to the arc length. So we easily get

I 34101
B, + B, = %37@ e, = % e.. (36)

Next, let’s consider Bs. For this purpose, it is good to first show that a small element
dl (at r = (a,l,0)) and an imaginary current element di’ shown in the Fig. 4 (e) give

the same contribution to B.

The field element created by the small element di can be calculated using Biot-Savart’s
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law:

,u()]dl X (0 —I')

dB =
] (37)
ol (0,dl,0) x (—a,—I1,0) (38)
B
/,60[ a dl
_ Mol adb 39
yey sy A (39)
And in the same way, dl’ gives,
IB' - pol dl' x (0 — (—r)) _ ol (0, —dl,0) x (a,l,0) _ ol adl (40)

4 |r| 4 VaZ + 12 47 /a2 + 2 Gz
which is equivalent to that by di. Thus, it follows that the field created by the two semi-

infinite currents are equivalent to that created by a single infinite current. Therefore,

pol
B;="—e.. 41
3 27rae (41)
Finally, we get the total field,
3pol | pol
B = —e,. 42
( 4 + 27T&>ez (42)

9. (i) As in usual image charge problems, for y = 0 plane to be an equipotential surface,
we need to imagine a pair of charges ¢ and ¢’ located at (0,Y, Z) and (0,-Y, Z). For
x = 0 plane, a pair of charges at (0,Y,Z) and (0,Y, —Z2) are needed. Therefore, we
should put image charge —q at (0, —a,a) and (0,a, —a), and ¢ at (0, —a, —a). Then,
the attraction between the charge and the plates is the same as that between the
charge and the image charges. Therefore, we get

—¢ —¢° ¢ 1
F=+ e, + e, + —{e, te. 43
4ren(2a)2 Y 4mey(2a)? 4eg(2v/2a)? \/5{ Y J (43)

_ 2 _ 2
__G-VAe, -V, "
64mega’ 64mega?

(ii))When the charge is at infinity, the potential energy is 0. Let’s take a path from

infinity to (a,a) on the line y = 2z, x = 0, parametrized by {(0, —s,—s),(s : —o00 —
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—a)} Theretore,
(a,a)
Wcoded = / F.dl (45)
o]
—a 2 2
_ (4 —+2)q (4—+2)q p
= { + e} -{(—ds)(e, +e.)}  (46)
64 2 64 2 Y
s=——00 TEQS TEQS
4-Vv2)¢® [ 1
SR S i —ds (47)
32meg ——oo S
32meqa
(49)

(iii) Let’s consider x = 0 plane. If we think independently 4 pairs of charge, that is,
(+a,a,a),(xa,—a,a),(£a,a, —a), and (+a, —a, —a), each of these pairs gives equipo-
tential surface x = 0, as is in an usual image charge problem. Therefore, from the

superposition principle, all the eight charges combined also give an equi-potential sur-

face z = 0.
10. Using Ampere’s law, magnetic field created by the strip at the wire is given by
w I
oy
By strip = dl —— 20
by strip /0 2m(a +1) (50)
fol w
ol . a+w
= — 52
2w a (52)
Therefore, the force per unit length between the wire and the strip is given by
wol? . a+w
F = I Byy spip = ET— In - (53)
In the limit of w — 0, this gives
piol? w, el w 1w, pol?
F = In(l+—) = ——=(= 54
2w n( +a) 27Tw{a 2(a> MR 2ma’ (54)

11.

which reproduces the force between the two straight currents.

From the result of Problem 1, the force acting on the arc PQ is equivalent to a force

acting on an imaginary straight current flowing from P to Q (Fig. 5). Therefore,
F = —IB |PQ)| e,.
= —2IBVR? —a%e,.
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B b

FIG. 5: Arc-shape current and equivalent straight current flowing from P to Q.

12. From the balance between the forces, we get

ko +IBL —mg = 0.

Therefore,

_ —IBL+mg —2Ax02Tx2m+0.12kg x 9.8 m/s’

(58)

k=
4] 0.012 m

13. (i)By applying Ampere’s law to the red loop shown in Fig.

magnetic field at distance r from the center axis:

Ienc ose NI
B (7,) _ Ho losed __ Ho
2rr 2rr

Integrating this over the hatched square, we get

R+5
P = / B dS = a/
Square R—3

woNIa /R+$ 1
T o =

R-¢ T

NI R+ 5

_ Hotoa In| 3
2m

—313N/m (59)

6, we can calculate the

(60)

(62)
(63)

(64)
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i / ) \ .

X : :

\
%

FIG. 6: Toroidal solenoid.

(i) Using the result above,

BQ
Estored = /dV— 65
i = [V (65)
N2J?
- / dzdr(rdo)y (66)
r
N2J2 R+% 1
— HoV 2 on / - (67)
8T R-2 r
M0N212CL R+ %
= 1 )
b (68)
(iii) Because the energy stored in the solenoid is given by %L[ 2 from the result of part
(i), we get
poN%a . R+4
L=2E/I" = 1 2],
1=l (69)
(iv)
dI , —poN?Iywa . R+ 4%
£ =L— =—Llwsinwt = In| 2] sin wt (70)
dt 2 R—3

14. (i) Just before the switch is closed, the circuit has been carrying a current Iy = V/Rs.
Just after the switch is closed, we can think that the flowing current remains the same.

That is,

I =V/R,. (71)



Open Yale

&£ Yale Universiby 2012, Most of the lectures and course material within Open Yale Courses are licensed

under a Creative Commans Attribution-Noncommercial-Share Alike 3.0 licerse. Unless explicitly set farth in 1 1
the applicable Credits section of a lecture, third-party content is not covered under the Creative Commons

license. Flease consult the Cpen Yale Courses Terms of Use for limitations and further explanations on the

application of the Creative Commons license.

(Although this is not required, we can also calculate V7 using the relation V =

I(Ry//Ry) + L4l That is, Vi, = LY =V — I(Ry//Ry) =V — gl = e )

ii) In this limit (¢ — o0), the system is stable. That is, & = 0. Then, from V =
(i) y

dt
I(Ri//R>) + LY we get

(R + Ry)V

I g
R R,

(72)

(iii) We can think in the same way as part (i). Just before the switch is opened,

_[ — (Rl-‘rRz)V .

R R And just after the switch is closed, the current remains the same.

Therefore,

Ry + Ro)V
Vi, = IRy — %. (73)
1



